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Abstract:
A large number of studies have been conducted on the dynamics control of electric vehicles or on the optimisation
of their energy efficiency but few studies have looked at both of these together. In this study, an integrated
dynamics control and energy efficiency optimisation strategy is proposed for over-actuated electric vehicles,
where the control of both longitudinal and lateral dynamics is dealt with while the energy efficiency is optimised.
First, considering the trade-off between the control performance and energy efficiency, criteria are defined to
categorise the vehicle motion status as linear pure longitudinal motion and non-linear motion or turning motion.
Then different optimisation targets are developed for different motion status. For the pure linear longitudinal
motion and cornering motion, the energy efficiency and vehicle dynamics performance are equally important and a
trade-off control performance between them need to be achieved. For the non-linear turning motion, the vehicle
handling and stability performance are the primary concerns, and energy efficiency is a secondary target. Based on
the defined targets, the desired longitudinal and lateral tyre forces and yaw moment are then optimally distributed
to the wheel driving and steering torques. Finally numerical simulations are used to verify the effectiveness of the
proposed strategies. The simulation results show that the proposed strategies can provide good dynamics control
performance with less energy consumption.
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I. INTRODUCTION
With the combined challenge of energy optimisation and care
for the environment, many studies have focused on the energy
optimisation issue [1][2]. In particular, full electric vehicles
with clean and efficient energy sources have the advantages of
high fuel economy and zero carbon dioxide emissions.
Electric vehicles can be driven by one centralised motor or by
distributed motors in the wheels [3][4]. For electric vehicles
with distributed motors in the wheels, also called electric
vehicles with in-wheel motor, the transmission, differential
and driving axle can be eliminated and mechanical loss can be
largely reduced. Vehicle stability and handling is enhanced
because of the rapid and precise independent control of the
driving and steering torques of each wheel. In addition,
in-wheel motors bring much flexibility to the vehicle design
and the redundant actuators can be used to achieve multiple
control targets. However, the number of motors and power
electronics utilised and the increasing vehicle unsprung mass

cause complexity in the control strategy of in-wheel-motor
vehicles. Thus, the design of an effective control strategy for
these electric vehicles needs to be focused.
Control allocation (CA) is an effective and widely applied
method to control electric vehicles with in-wheel motor [5][6]
and has been extensively studied [7]-[9]. In the current
literature, the handling and stability control targets during
vehicle combined longitudinal and lateral motion [10][11] and
trajectory control [12][13][14][15] have been extensively
focused. In addition to that, the energy-efficient control is also
a highly important control target due to the limited energy
on-board in these electric vehicles. Much research has been
done to improve the energy efficiency from the point of view
of motor design [16][17], motor control algorithms [18][19]
and power electronics [20][21].
Based on the review of the current literature of the
energy-efficient control, it can be seen that the
energy-efficient control of electric vehicle can be mainly
classified as the minimisation of the tyre friction loss and
minimisation of the power consumption of electric motor. For
instance, four objective functions for energy-efficient control
are compared in [3]. These include: the minimisation of the
total power output, the minimisation of the standard deviation

of individual tyre longitudinal slip ratio with respect to the
average slip, the minimisation of the total longitudinal slip
power loss and the minimisation of the average combined tyre
force coefficient. In [22], it was also suggested that there was
a variety of cost functions for energy-efficient CA
optimisation which are related to the tyre slip, the actuator
effort and power loss when the vehicle cornering motion was
considered. In [23], three different motor types were
demonstrated to achieve the reduction of the power loss by
using an off-line procedure. We will narrow down our
research scope into the energy-efficient control of electric
driving motor since the steering motor has much less power
consumption, and the tyre friction loss is not focused.
Energy-efficient control of the driving motor of electric
vehicles during longitudinal motion has been proposed in the
literature. Wang et al. proposed a longitudinal motion
controller to improve the energy efficiency of the four
in-wheel brushless DC (BLDC) motors by allocating different
driving torques among the four motors in two different
operation modes: the driving mode and the braking mode [24].
Gu et al. also proposed the energy-efficient control of the
individual wheel driving motor for the longitudinal motion,
and proved that equal distribution of all the driving torques
can achieve optimal energy efficiency [25]. However, the
in-wheel motor of a permanent magnetic synchronous motor
(PMSM) was selected to be used in [25] and the motor
efficiency map was different from the BLDC motor used in
[24].
The above studies mainly focused on the energy-efficient CA
of the vehicle during longitudinal motion, but the controller
design will be more complex during combined longitudinal
and lateral motion. Chen and Wang [26] considered the
vehicle’s longitudinal dynamics, lateral dynamics and yaw
dynamics together. In their study, the planar motion controller
had a two-layer structure. In the upper layer, the virtual
control law is obtained by a dynamic sliding mode controller
(SMC) in order to achieve robust control of the vehicle
stability. In the lower level controller, the optimisation targets
of the energy efficiency of driving motor and virtual control
law in the upper level can be achieved by adaptive control.
This whole control system, however, is based on the linear
vehicle planer motion model, and the non-linear tyre
characteristic, which is usually applicable in the high velocity
and large steering angle situation, is neglected.
It can be found in the literature that the integrated control of
vehicle dynamics and energy efficiency in the combined
longitudinal and lateral motion based on the nonlinear vehicle
dynamics model is less focused and this study can fill this
research gap. In this study, as the redundant actuators can be
used in the control system, the CA of the electric vehicle with
in-wheel motor can achieve multiple control targets such as
handling control, stability control and energy-efficient
control. This allows the achievement of a proper trade-off
strategy between each control target based on the
comprehensive vehicle non-linear dynamics model.
In addition, the energy-efficient formulations defined in [24]
are used in our study since these formulations can effectively
present the characteristic of BLDC motor. However, it can be
observed that this formulation is not continuous and the

optimisation problem based on this formulation is not a
convex problem, which may miss the global optimal point
when solved by the conventional numerical optimisation
algorithm, such as the interior-point method. In order to solve
this problem, Chen and Wang [27] first applied the
Karush-Kuhn-Tucker (KKT) algorithm to find all the local
minima and the global optimal solution can be determined by
comparing all the local minima and boundary values. This
method can transfer the complex non-linear constrained
optimisation problem into the classical eigenvalue problem.
However, the simple first-order formulation of energy
efficient coefficient 𝜂𝑖 is applied in this study and the
computational cost would significantly increase if the
high-order formulation is used. Chen and Wang [26] later
proposed the adaptive allocator to tackle this non-convex
optimization problem with the fifth-order formulation of 𝜂𝑖 ,
but the adaptive gains should be carefully tuned by very
complex mathematic formulation and verification. In our
study, the non-convex energy-efficient formation in [24] and
fifth-order formulation of 𝜂𝑖 are used to accurately present the
motor energy efficiency and the proper optimisation
algorithm should be chosen to find the global optimisation
point.
The major contribution of this paper can be summarised as
follows: in order to achieve the simultaneous dynamics
control and energy efficiency optimisation, this paper first
defines two criteria based on the tyre working region and the
steering angle to categorise the vehicle motion status into
linear pure longitudinal motion, linear cornering motion and
non-linear cornering motion. Then for different motion status,
different cost functions are developed. During the linear pure
longitudinal motion and cornering motion, minimisation of
the total driving power loss and the achievement of the desired
dynamics performances are selected as the control targets with
equal priorities. The optimisation cost function combines
various dynamics control targets and energy-efficient control
target, and the good trade-off performance between them can
be achieved by adjusting the scaling factors of each control
target term. In the non-linear cornering motion, the vehicle is
very unstable and yaw rate and body slip angle are chosen as
the primary targets because of the importance of vehicle
handling and stability performance, while the energy
efficiency is the secondary control target. The adaptive
feedback proportional-integral-derivative (PID) controller
based on the yaw rate and body slip angle control error is
integrated into the optimal control allocator to guarantee the
handling and stability control targets are achieved. In addition,
due to discontinuous energy-efficient formulation and
high-order energy-efficient coefficient representation in this
study, the optimisation problem is a high-order non-convex
constrained optimisation problem. To solve this problem, this
study divides the whole discontinuous actuator constraint
region into several continuous regions and the local optimal
values can be easily determined in each continuous region by
solving the convex constrained optimisation problem. After
that, the global minima in the non-convex region can be found
by comparing the local minima of each continuous region.
This paper is organised as follows. First the vehicle dynamics
model of a four-wheel-steering (4WS) and four-wheel-driving

(4WD) electric vehicle is introduced. Then the proposed
integrated energy-efficient control strategy is introduced.
Finally, simulation examples are used to validate the
effectiveness of the proposed control method.

stiffness. 𝑠𝑖 is the longitudinal slip ratio, and 𝛼𝑖 is the lateral
slip angle. 𝜀𝑟 is a constant value, and 𝑢𝑖 is the vehicle velocity
component in the wheel plane. 𝐹𝑧𝑖 is the vertical load of each
wheel and the load transfer effect is considered, which can be
calculated in [31].

II. VEHICLE DYNAMICS MODEL
2.1 Vehicle dynamics model
In this paper, a 4WS and 4WD vehicle model is utilised to
describe the dynamics motion of the electric vehicle with
in-wheel steering and driving motors [28][29]. The equations
of motion of this model are described as follows:
𝑚𝑣̇𝑥 = 𝑚𝑣𝑦 𝑟 + (𝐹𝑥𝑓𝑙 + 𝐹𝑥𝑓𝑟 + 𝐹𝑥𝑟𝑙 + 𝐹𝑥𝑟𝑟 )
(1)
𝑚𝑣̇𝑦 = −𝑚𝑣𝑥 𝑟 + (𝐹𝑦𝑓𝑙 + 𝐹𝑦𝑓𝑟 + 𝐹𝑦𝑟𝑙 + 𝐹𝑦𝑟𝑟 )
(2)
𝐼𝑧 𝑟̇ = 𝑙𝑓 (𝐹𝑦𝑓𝑙 + 𝐹𝑦𝑓𝑟 ) − 𝑙𝑟 (𝐹𝑦𝑟𝑙 + 𝐹𝑦𝑟𝑟 ) +
𝑏𝑟

𝑏𝑓
2

(𝐹𝑥𝑓𝑙 −

𝐹𝑥𝑓𝑟 ) + (𝐹𝑥𝑟𝑙 − 𝐹𝑥𝑟𝑟 )
(3)
2
where 𝑣𝑥 , 𝑣𝑦 , 𝑟 are the vehicle longitudinal velocity, lateral
velocity, and yaw rate, respectively. 𝐹𝑥𝑓𝑙 , 𝐹𝑥𝑓𝑟 , 𝐹𝑥𝑟𝑙 , 𝐹𝑥𝑟𝑟 are
the vehicle front left, front right, rear left and rear right
longitudinal tyre forces, respectively, and 𝐹𝑦𝑓𝑙 , 𝐹𝑦𝑓𝑟 , 𝐹𝑦𝑟𝑙 , 𝐹𝑦𝑟𝑟
are the vehicle front left, front right, rear left and rear right
lateral tyre forces, respectively. 𝑙𝑓 and 𝑙𝑟 are the front and rear
wheel base lengths, while 𝑏𝑓 and 𝑏𝑟 are the front and rear
track widths. 𝐼𝑧 and 𝑚 are the moment of vehicle inertia in
terms of yaw axis and vehicle mass. In order to simplify the
vehicle model and improve computational efficiency, the
vehicle roll dynamics are neglected in this study.
The tyre traction or brake force and side force are defined as
𝐹𝑡𝑖 and 𝐹𝑠𝑖 , respectively, which can be related to the
longitudinal and the lateral tyre forces by the steering angle 𝛿𝑖
as follows:
𝐹𝑥𝑖 = 𝐹𝑡𝑖 cos 𝛿𝑖 − 𝐹𝑠𝑖 sin 𝛿𝑖
(4a)
𝐹𝑦𝑖 = 𝐹𝑡𝑖 sin 𝛿𝑖 + 𝐹𝑠𝑖 cos 𝛿𝑖
(4b)
where 𝑖 = 𝑓𝑙, 𝑓𝑟, 𝑟𝑙, 𝑟𝑟, which represents the front left, front
right, rear left and rear right wheel, respectively. 𝛿𝑖 represents
the steering angle of each vehicle wheel. It should be noted
that all the steering angles mentioned in the paper indicate the
steering angles of the vehicle wheels.
2.2 Vehicle tyre model
The non-linear Dugoff tyre model, which can well describe
the non-linear tyre characteristic of combined longitudinal
and lateral tyre force and the friction circle effect [30] is used
in this study and described by:
𝜇𝐹𝑧𝑖 (1 − 𝑠𝑖 )
𝜆𝑖 =
2√𝐶𝑠2 𝑠𝑖2 + 𝐶𝛼2 tan2 𝛼𝑖
𝜆 (2 − 𝜆𝑖 ) (𝜆𝑖 < 1)
𝑓(𝜆𝑖 ) = { 𝑖
(𝜆𝑖 > 1)
1
𝐶𝛼 tan 𝛼𝑖
𝐹𝑠𝑖 =
𝑓(𝜆𝑖 )
1 − 𝑠𝑖
𝐶𝑠 𝑠𝑖
𝐹𝑡𝑖 =
𝑓(𝜆𝑖 )
1 − 𝑠𝑖
(5)
where 𝜇 is the tyre-road friction coefficient. 𝐶𝑠 is the
longitudinal slip stiffness and 𝐶𝛼 is the lateral cornering

2.3 Traction or brake dynamics model
Since one important feature of 4WD-4WS electric vehicles is
the ability to perform independent traction or brake motion for
each wheel, each wheel is integrated with an in-wheel traction
or brake motor. The wheel rotation dynamics is described by
the following equation:
𝐼𝜔 𝜔̇ 𝑖 = −𝑅𝜔 𝐹𝑡𝑖 + 𝑇𝑑𝑖
during traction
(6a)
𝐼𝜔 𝜔̇ 𝑖 = −𝑅𝜔 𝐹𝑡𝑖 − 𝑇𝑏𝑖
during braking
(6b)
where 𝐼𝜔 is the wheel moment of inertia and 𝜔𝑖 is the angular
velocity of each wheel. 𝑅𝜔 is the wheel radius and 𝑇𝑑𝑖 is the
traction torque of each wheel and 𝑇𝑏𝑖 is the brake torque of
each wheel.
III. INTEGRATED DYNAMICS CONTROL AND ENERGY
EFFICIENCY OPTIMISATION

The 4WS-4WD electric vehicle has the advantage of
redundant actuators which can be utilised to not only achieve
the control goals of vehicle handling and stability, but can also
realise the important goal of energy efficiency optimisation.
3.1 Motion status detection
Vehicles undertaking different motions are driven under
different conditions and the control objectives for these will
be different. For over-actuated electric vehicles, when the
vehicle is undertaking a linear pure longitudinal motion and
linear cornering motion, the dynamics performance and
energy efficiency will both need to be considered. However,
when the vehicle is undertaking lateral motion and the
vehicle’s tyre is working in the non-linear tyre region, the
vehicle is in the condition of critical instability and handling
and stability performance become the primary control targets.
To deal with the different control objectives, different cost
functions and control strategies will need to be developed.
First of all, the threshold that determines the transition point
between the linear pure longitudinal motion and the non-linear
motion or turning motion must be defined. The following
criteria are used to determine this transition point.
Criterion 1
According to the Dugoff tyre model used in this research (5),
when 𝜆𝑖 > 1, the tyre is working in the linear tyre region. This
condition can also be represented by following inequality:
√(𝐶𝑠 𝑠𝑖 )2 +(𝐶𝛼 tan 𝛼)2
1−𝑠𝑖

1

≤ 𝜇𝐹𝑧𝑖
2

(7)

Criterion 2
In addition to working in the linear tyre region, the lateral
acceleration of the vehicle in linear pure longitudinal motion
must be small enough to ignore. The following equation
suggests that the vehicle’s lateral acceleration is related to the

input steering angle of the vehicle wheel and the longitudinal
velocity:
𝑣̇𝑦 =

𝑣𝑥2

𝑅𝑔

=

𝑣𝑥2 𝛿

𝑔(𝑙𝑓 +𝑙𝑟 )

(8)

where 𝑅 is the vehicle turning radius, which is determined by
the steering angle and vehicle base length. Thus, based on a
group of experimental data, we assume that when the steering
angle of the vehicle wheel is less than 0.02 rad, the vehicle
lateral motion can be ignored.
3.2 Energy consumption model
For electric vehicles, the energy consumption models of the
in-wheel driving motors are generally divided into two parts:
pure energy consumption in driving mode and energy
regeneration in braking mode based on the assumption that the
energy can be partially re-gained through the regenerative
braking function. The model which is widely used in the
literature for the total power of in-wheel motors, 𝑃𝑚 , can be
described by the following equation by subtracting the total
input power to the converter from the total output power of the
battery [32].
𝑃
1
𝑃𝑚 = ∑4𝑖=1 𝑂𝑖 + ∑4𝑖=1
(9)
𝜂𝑂𝑖

𝑃𝐼𝑖 𝜂𝐼𝑖

where 𝑃𝑂𝑖 is the output power in the energy consuming mode
and 𝑃𝐼𝑖 is the input power in the energy gaining mode of the
𝑖th in-wheel motor, which are related to the driving torque 𝑇𝑑𝑖 ,
braking torque 𝑇𝑏𝑖 and wheel angular velocity 𝜔𝑖 of the 𝑖th
in-wheel motor as:
𝑃𝑂𝑖 = 𝑇𝑑𝑖 𝜔𝑖
(10a)
𝑃𝐼𝑖 = 𝑇𝑏𝑖 𝜔𝑖
(10b)
where 𝜂𝑂𝑖 is the output power efficiency in the energy
consuming mode and 𝜂𝐼𝑖 is the input power efficiency in the
energy gaining mode of the 𝑖th in-wheel motor, which can be
represented by the following relationships:
𝜂𝑂𝑖 = 𝑝1 𝑇𝑑4 + 𝑝2 𝑇𝑑3 + 𝑝3 𝑇𝑑2 + 𝑝4 𝑇𝑑 + 𝑝5
(11a)
𝜂𝐼𝑖 = 𝑝6 𝑇𝑏3 + 𝑝7 𝑇𝑏2 + 𝑝8 𝑇𝑏 + 𝑝9
(11b)
where 𝑝1 − 𝑝9 are coefficients obtained by curve fitting of
the actual experimental data from an in-wheel BLDC motor
[32].
3.3 Control strategy for pure longitudinal motion control
When there is either little or no steering input applied and the
tyre is working in the linear region according to Criterion 1
and Criterion 2, the pure longitudinal motion control mode is
applied. In this case, only the vehicle longitudinal motion is
considered and energy efficiency of driving motor power
consumption is optimised. The cost function of CA problem
can be represented as follows:
2
min𝐹𝑥𝑖 𝐽1 = 𝑎1 (𝐹𝑥𝑑 (𝑘) − ∑4𝑖=1 𝐹𝑥𝑖 (𝑘)) + 𝑎2 𝑃𝑚 +
2

𝑎3 (𝐹𝑥𝑖 (𝑘) − 𝐹𝑥𝑖 (𝑘 − 1))
subject to:
𝑇
𝑇
− 𝑏𝑚𝑎𝑥 ≤ 𝐹𝑥𝑖 ≤ 𝑑𝑚𝑎𝑥
𝑅𝜔

𝑅𝜔

(12a)
(12b)

where 𝑎1 , 𝑎2 , 𝑎3 are the scaling factors for the three
optimisation terms. In order to achieve the best performance
of the trade-off between each term, these scaling factors
should be carefully tuned. 𝑘 presents the value in current time
step and 𝑘 − 1 presents the value in last time step. In this
study, an in-wheel BLDC electric motor is applied. It has been

suggested [32] that the maximum driving torque 𝑇𝑑𝑚𝑎𝑥 is 100
N.m and the maximum regenerated brake torque 𝑇𝑏𝑚𝑎𝑥 is 80
N.m. 𝐹𝑥𝑑 is the total desired longitudinal tyre force, which is
determined according to the driver’s input driving torque or
brake torque. After the desired individual longitudinal tyre
force 𝐹𝑥𝑖 is obtained, the individual driving or braking torque
can be controlled to achieve the desired longitudinal tyre force
using the following equations.
𝑇𝑑𝑖 = 𝐹𝑥𝑖 𝑅𝜔
𝐹𝑥𝑖 ≥ 0
(13a)
𝑇𝑏𝑖 = |𝐹𝑥𝑖 |𝑅𝜔
𝐹𝑥𝑖 < 0
(13b)
The term 𝑃𝑚 in the cost function (12) can be evaluated by
inserting equations (9)-(11) and it is argued in [23] that the
optimisation problem (12) is a non-convex problem because
the term 𝑃𝑚 includes the energy consumption mode and
energy gaining mode. It is hard to calculate the analytical
solution of the minimum value, so numerical algorithm is
applied in this study. Traditional numerical algorithms, such
as quadratic programming, active-set and fixed point method,
can only achieve the local minima of a convex optimisation
problem. To solve the non-convex optimisation problem in
this study, the constraints of distributed individual driving
torque in (12b) can be divided as the constraints [0,100] and
[-80,0] and the whole constraints of four wheels can be
divided as 16 constraints totally.
When the constraint has been divide, the term 𝑃𝑚 only has one
mathematic representation and becomes continuous in each
divided constraint region. In this way, 𝑃𝑚 is close to the
convex function or at least has the global optimal value. The
other two terms of the cost function (12a) are quadratic
functions and are also convex. Therefore, the whole
optimization problem (12) becomes close to convex problem.
In each divided constraints, the optimisation problem (12) is a
convex problem and it is easy to find the local minima. After
that, the global minima can be obtained by comparing all the
local minima.
It is noted that the third term in optimisation problem (12) tries
to minimise the change of the distributed driving torque in last
and current time step and guarantee the smooth allocation of
driving torque. When the proposed integrated controller is
working under the conditions of non-linear pure longitudinal
motion, the control cost function (12) is still applied.
3.4 Control strategy for linear turning motion
Upper level
When the vehicle tyre is working in the linear tyre region but
the driver’s input steering angle is larger than the threshold
value of Criterion 2, both the longitudinal, lateral and yaw
motion should be considered. In addition, the energy
efficiency of motor power consumption should be optimised.
Thus the cost function of CA problem should be presented as
follows:
min𝐹𝑡𝑖,𝐹𝑠𝑖 𝑎1 𝑃𝑐 + 𝑎2 (𝐹𝑥𝑑 (𝑘) − cos 𝛿𝑓𝑙 (𝑘 − 1)𝐹𝑡𝑓𝑙 (𝑘) − cos 𝛿𝑓𝑟 (𝑘 −
2

1)𝐹𝑡𝑓𝑟 (𝑘) − cos 𝛿𝑟𝑙 (𝑘 − 1)𝐹𝑡𝑟𝑙 (𝑘) − cos 𝛿𝑟𝑟 (𝑘 − 1)𝐹𝑡𝑟𝑟 (𝑘)) +
𝑎3 (𝐹𝑦𝑑 (𝑘) − cos 𝛿𝑓𝑙 (𝑘 − 1) 𝐹𝑠𝑓𝑙 (𝑘) − cos 𝛿𝑓𝑟 (𝑘 − 1) 𝐹𝑠𝑓𝑟 (𝑘) −
cos 𝛿𝑟𝑙 (𝑘 − 1) 𝐹𝑠𝑟𝑙 (𝑘) − cos 𝛿𝑟𝑟 (𝑘 − 1) 𝐹𝑠𝑟𝑟 (𝑘)) + 𝑎4 (𝑀𝑑 (𝑘) −
(𝑙𝑓 (𝐹𝑠𝑓𝑙 (𝑘)cos 𝛿𝑓𝑙 (𝑘 − 1) + 𝐹𝑠𝑓𝑟 (𝑘) cos 𝛿𝑓𝑟 (𝑘 − 1)) −
𝑙𝑟 (𝐹𝑠𝑟𝑙 (𝑘)cos 𝛿𝑟𝑙 (𝑘 − 1) + 𝐹𝑠𝑟𝑟 (𝑘) cos 𝛿𝑟𝑟 (𝑘 − 1)) +

𝑏𝑓
2
𝑏𝑟
2

(−𝐹𝑠𝑓𝑙 (𝑘) sin 𝛿𝑓𝑙 (𝑘 − 1) + 𝐹𝑠𝑓𝑟 (𝑘) cos 𝛿𝑓𝑙 (𝑘 − 1)) +

(−𝐹𝑠𝑟𝑙 (𝑘) sin 𝛿𝑟𝑙 (𝑘 − 1) + 𝐹𝑠𝑟𝑟 (𝑘) sin 𝛿𝑟𝑟 (𝑘 − 1)))) + 𝑎5 (𝐹𝑡𝑖 (𝑘) −
2

2

𝐹𝑡𝑖 (𝑘 − 1)) + 𝑎6 (𝐹𝑠𝑖 (𝑘) − 𝐹𝑠𝑖 (𝑘 − 1))

(14a)
subject to:
−

𝑇𝑏𝑚𝑎𝑥
𝑅𝜔
𝐹𝑡𝑖2

≤ 𝐹𝑡𝑖 ≤

𝑇𝑑𝑚𝑎𝑥

(14b)

𝑅𝜔
𝜇𝐹𝑧𝑖2

𝐹𝑠𝑖2

+
≤
(14c)
Combing (14b) and (14c) and assuming 𝑇𝑑𝑚𝑎𝑥 > 𝑇𝑏𝑚𝑎𝑥 , the
constraint (14c) can be rewritten as follows:
−√𝜇𝐹𝑧𝑖2 − (

𝑇𝑑𝑚𝑎𝑥 2
𝑅𝜔

) ≤ 𝐹𝑠𝑖 ≤ √𝜇𝐹𝑧𝑖2 − (

𝑇𝑑𝑚𝑎𝑥 2
𝑅𝜔

)

(14c)
𝑎1 − 𝑎6 are scaling factors of each optimisation term, which
need to be carefully tuned to achieve the best trade-off
performance. 𝑎1 is related to term of actuator energy
efficiency. 𝑎2 − 𝑎4 are terms of vehicle dynamics control
targets and 𝑎5 − 𝑎6 are used to minimise the change of
distributed tyre force in the previous and current time step.
The desired total longitudinal force 𝐹𝑥𝑑 , total lateral force 𝐹𝑦𝑑
and yaw moment 𝑀𝑑 can be determined based on the desired
yaw rate and slip angle as follows:
𝑀𝑑 = 𝐼𝑧 𝑟̇𝑑
(15a)
𝐹𝑦𝑑 = 0
(15b)
𝑇 −𝑇
𝐹𝑥𝑑 = ∑4𝑖=1 𝐹𝑥𝑖 = ∑4𝑖=1 𝑑𝑖 𝑏𝑖
(15c)
𝑅𝜔

where 𝑟𝑑 is the desired yaw rate, which can be calculated by
as [29]. 𝛽𝑑 is the desired vehicle body slip angle, of which
value reflects the vehicle stability. The desired body slip angle
is generally defined as zero (𝛽𝑑 = 0) [29].
Similar to the last term in cost function (12), the last two terms
in cost function (14) are trying to minimise the change of the
distributed steering and driving actuators in the last and
current time step.
The optimisation problem (14) is more complex than the pure
longitudinal case and it is still a non-convex optimisation
problem. In order to solve this non-convex optimisation
problem, constraints (14b) and (14c) can be divided into 16
constraints according to driving or braking torques as given in
Table 1. The optimisation problem is transferred into the
convex problem when satisfying each divided constraint and
the local minima can be found by traditional numerical
algorithm. After that, the global minima can be determined by
comparing every local minima.
Lower level
When the desired longitudinal and lateral tyre forces are
determined in the upper level, the next problem is how to map
the desired tyre forces into the actual steering angle and
driving torque of each individual actuator.
Suzuki et al. used simple linear relationships between the
steering angle, driving torque, side force 𝐹𝑠𝑖 , and traction or
brake force 𝐹𝑡𝑖 as followings [33]:
𝐹𝑠𝑓𝑙 = −𝐶𝑎 (𝛽 +

𝑙𝑓 𝑟

𝐹𝑠𝑓𝑟 = −𝐶𝑎 (𝛽 +
𝐹𝑠𝑟𝑙 = −𝐶𝑎 (𝛽 −

𝑣𝑥
𝑙𝑓 𝑟
𝑣𝑥
𝑙𝑟 𝑟
𝑣𝑥

− 𝛿𝑓𝑙 )

(16a)

− 𝛿𝑓𝑟 )

(16b)

− 𝛿𝑟𝑙 )

(16c)

𝐹𝑠𝑟𝑟 = −𝐶𝑎 (𝛽 −

𝑙𝑟 𝑟
𝑣𝑥

− 𝛿𝑟𝑟 )

(16d)

𝑇𝑑𝑖 = 𝑅𝑤 𝐹𝑡𝑖
𝐹𝑡𝑖 ≥ 0
(17a)
𝑇𝑏𝑖 = 𝑅𝑤 |𝐹𝑡𝑖 |
𝐹𝑡𝑖 < 0
(17b)
where 𝛽 is the vehicle body slip angle. Based on (16)-(17), the
actual steering angle and driving/braking torque can be
obtained. The practical limitation of the steering angle is
considered between -90 degrees and 90 degrees (𝛿𝑚𝑎𝑥 = 90),
which is larger than the traditional vehicle [34].
In the actual implementation of the proposed energy-efficient
control method, a switch must be designed to achieve the
smooth transition between the controllers under the pure
longitudinal condition and under the cornering condition.
Fuzzy logic method has been widely applied in the literature
as the intelligent control method to control the nonlinear
system with uncertainties [29][35]. In this study, a fuzzy logic
controller is designed as this switch. The input of the fuzzy
logic controller is the driver’s input steering angle 𝛿𝑓 and the
output is the scaling factor 𝑤 between [0,1].
The fuzzy logic rule can be described as:
If input is S(small) then output is S; If input is B(big) then
output is B.
Thus, the total distributed tyre force of individual wheel can
be calculated as following:
𝐹𝑥𝑖,𝑡𝑜𝑡𝑎𝑙 = (1 − 𝑤)𝐹𝑥𝑖_𝐿𝑜 + 𝑤𝐹𝑥𝑖_𝐿𝑎
(18a)
𝐹𝑦𝑖,𝑡𝑜𝑡𝑎𝑙 = 𝑤𝐹𝑦𝑖_𝐿𝑎
(18b)
where 𝐹𝑥𝑖_𝐿𝑜 is the distributed longitudinal force in the pure
longitudinal condition and 𝐹𝑥𝑖_𝐿𝑎 is the distributed
longitudinal force in the turning motion. 𝐹𝑦𝑖_𝐿𝑎 is the
distributed lateral force in the turning condition.
3.5 Control strategy for non-linear turning motion
When the tyre of the vehicle is in the non-linear region and the
vehicle is performing the turning motion, the vehicle is in the
critical condition of instability. The control allocation strategy
of the turning motion in equations (14)-(17) can only control
the vehicle states when tyre is working in the linear tyre
region. The distributed steering and driving actuators cannot
accurately generate the desired tyre force when the tyre is
working in the non-linear tyre region. This problem can be
solved by measuring the actual tyre forces and using them as
feedback information to adjust the control of the steering and
driving actuators. As the tyre forces are difficult to measure in
practice, the alternative feedback values of yaw rate and body
slip angle are used instead in this paper. Although this
alternative method has the problem of mapping from the yaw
rate error and body slip angle error to the optimization control
allocator, which is a time consuming and complex process, the
advantage of this approach is that the control target of
handling and stability performance can be directly and
perfectly tracked and the computation speed of this approach
is also fast enough to realise real-time control according to the
simulation.
Thus, effective feedback controllers of the vehicle body slip
angle and yaw rate are used to overcome the yaw rate control
error and body slip angle control error caused by the
non-linear tyre characteristic.
Specifically, the additional yaw moment will be calculated
based on the feedback value of the yaw rate tracking error and

IV. SIMULATION RESULTS
To test the dynamics performance of the suggested integrated
dynamics control and energy efficiency optimisation method,
numerical simulations are conducted under various
conditions. In addition, the simulation results of traditional
vehicle dynamics controller which has not considered the
energy efficiency optimisation are also presented to compare
with the proposed integrated method. The parameter values
used in the simulations are listed in Table 1.
TABLE 1. PARAMETER VALUES USED IN SIMULATIONS [29].
Mass
1298.9 kg
𝑚
Distance of c.g. from the
1m
𝑙𝑓
front axle
Distance of c.g. from the
1.454 m
𝑙𝑟
rear axle
Front track width
1.436 m
𝑏𝑓
𝑏𝑟

Rear track width

1.436 m

𝐶𝑠

Longitudinal stiffness of the
tyre
Vehicle moment of inertial
about yaw axle
Wheel radius

50000 N/unit
slip
1627 kgm2

𝐼𝑧
𝑅𝜔

Wheel moment of inertial

2.1 kgm

𝜀𝑟

Road adhesion reduction
factor
Cornering stiffness of the
tyre
Scaling factor of the lateral
motion energy-efficient
controller

0.015 s/m

𝑎1

Scaling factor of the lateral
motion energy-efficient
controller
height of the vehicle centre
of gravity

ℎ

2

30000 N/unit
slip
1

1

0.533 m

4.1 Simulation results of pure longitudinal motion
In the first set of simulations, in order to effectively present
the energy-efficient improvement of the proposed method, the
widely used NEDC (New Europe Driving Cycle) vehicle test
method is applied here. The tyre-road friction coefficient in all
the three sets of simulations is assumed as 0.9. In the pure
longitudinal motion, for the traditional dynamics control
method, the control target is only the desired longitudinal
velocity and the scaling factors of each term in (12) can be
tuned as 𝑎1 = 0, 𝑎2 = 2, 𝑎3 = 1. For the proposed integrated
energy-efficient controller, the control targets are the desired
longitudinal velocity and the energy consumption, and the
scaling factors of each term in (12) can be tuned as 𝑎1 =
25, 𝑎2 = 2, 𝑎3 = 1. The desired vehicle longitudinal velocity
of NEDC is presented in Figure 1 and the actual longitudinal
velocity control performances of the traditional dynamics
control method and proposed integrated method are
compared. In Figure 2, the total output power of electric
motors of traditional dynamics method and proposed
integrated method are also compared. The proposed integrated
allocation method shows good trade-off performance of
longitudinal velocity control and energy-efficient control.
Compared with the traditional method in Figures 1 and 2, the
proposed integrated method has much better motor power
energy efficiency and similar longitudinal velocity control
performance. The root mean square (RMS) values of the
longitudinal velocity control error and energy consumption
are shown in Table 2 to better present the good control
performance of proposed integrated method. Figure 3 shows
that the four driving torques are equally distributed for the
traditional dynamics control method, which is widely used in
the vehicle motion control. The proposed optimisation
method, however, can change the equal torque distribution at
peak values to achieve better energy-efficient performance.
15
desired value
energy-efficient controller applied
no nergy-efficient controller applied

10

5

0

0.35 m

𝐼𝜔

𝐶𝛼

𝑎2

vehicle longituidnal velocity (m/s)

the additional lateral tyre force ∆𝐹𝑦 is calculated based on the
lateral velocity error:
𝑑(𝑟𝑑 − 𝑟)
∆𝑀𝑐 = 𝐾1𝑝 (𝑟𝑑 − 𝑟) + 𝐾1𝑖 ∫ 𝑟𝑑 − 𝑟 + 𝐾1𝑑
𝑑𝑡
(19a)
𝑑(𝑣𝑦𝑑 − 𝑣𝑦 )
∆𝐹𝑦 = 𝐾2𝑝 (𝑣𝑦𝑑 − 𝑣𝑦 ) + 𝐾2𝑖 ∫ 𝑣𝑦𝑑 − 𝑣𝑦 + 𝐾2𝑑
𝑑𝑡
(19b)
where 𝐾1𝑝 , 𝐾1𝑖 , 𝐾1𝑑 and 𝐾2𝑝 , 𝐾2𝑖 , 𝐾2𝑑 are the proportional,
integral and derivative feedback control gains. It is noted that
the vehicle body slip angle is determined by lateral velocity,
so lateral velocity response is considered to represent the body
slip angle response in this study.
In order to tune the PID control gains in real-time, the
adaptive law developed in [36] is applied to determine the
𝐾1𝑝 , 𝐾1𝑖 , 𝐾1𝑑 .
The additionally controlled yaw moment ∆𝑀𝑐 and
additionally controlled total lateral tyre force ∆𝐹𝑦 can be
added into the desired yaw moment and desired total lateral
tyre force in equation (15):
𝑀𝑑 = 𝐼𝑧 𝑟̇𝑑 + ∆𝑀𝑐
(20a)
𝐹𝑦𝑑 = 𝑚𝑣𝑥 𝑟𝑑 + ∆𝐹𝑦
(20b)
In this way, the cost function (14) of the optimisation control
allocator includes the yaw rate and body side-slip angle
feedback error into the control target values in optimisation
term and guarantee the yaw rate error and body slip angle
can be minimised.
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Figure 1. Longitudinal velocity in the simulation of linear pure longitudinal
motion.

Figure 3. The distributed driving torque of the individual wheel in the linear
pure longitudinal motion: (a) front left wheel (b) rear right wheel. (the front
right and rear left wheel are not shown for the simplification)

15

total outpur motor power (kW)

10

In this set of simulations, the desired longitudinal velocity is
still determined from NEDC driving test. In order to
implement the combined longitudinal and lateral motion, the
desired steering angle is designed to represent two sets of
double lane change motion, which is shown in Figure 4.
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Figure 2. The total power consumption of driving motors in the simulation of
linear pure longitudinal motion.

It should be noted that the torque distribution in Figure 4 is
perfectly overlapped due to the same energy efficiency map
applied. In the real situation, the individual driving motor may
have slightly different energy efficiency maps even if the
same types of motors are applied. This study, however, only
shows the ideal conditions for theoretical analysis and this
minor problem is not considered here.
4.2 Simulation results of vehicle cornering motion
Linear pure longitudinal motion is a simple control allocation
scenario, and only the four driving/braking actuators are
utilised and only the desired total longitudinal force need to be
achieved. When the vehicle is cornering, the control targets of
desired total longitudinal tyre force, total lateral tyre force and
yaw moment must all be achieved. In addition to four
driving/braking control actuators, four steering control
actuators are used to achieve the control targets.
100
no energy-efficient controller applied
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(a)
100

Figure 5 and Figure 6 present the control performance of the
vehicle longitudinal velocity and lateral velocity of the
traditional dynamics controller and proposed integrated
energy-efficient controller. Figure 7 shows the total power
consumption of driving motors of each method. For the
integrated method, the scaling factors of each term in (14) can
be tuned as 𝑎1 = 100, 𝑎2 = 𝑎3 = 𝑎4 = 5, 𝑎5 = 𝑎6 = 0.05 .
For the traditional method, the scaling factor of the term
𝑎1 = 0. The proposed integrated method tries to balance the
performances of various dynamics controls and energy
efficiency, while the traditional dynamics controller only can
achieve the best dynamics performance by neglecting the
energy efficiency. Figures 5-7 prove that the integrated
method, compared with the traditional dynamics control
method, can achieve similar lateral velocity control
performance and much better energy efficiency, although the
longitudinal control performance is a little disadvantaged. The
RMS values of dynamics control errors and energy
consumption are also presented in Table 2 to further prove the
good trade-off control performance of the proposed method.
Figure 8 shows the actual allocated driving torque of each
wheel and the driving torque allocated by traditional dynamics
control method is oscillating more abruptly than the proposed
integrated control method.

no energy-efficient controller applied
energy-efficient controller applied

80
rear right wheel driving torque (N.m)

Figure 4. The desired input steering angle in the NEDC driving test in the
cornering motion.
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(b)
Figure 5. Vehicle longitudinal velocity in the cornering motion.

(b)
Figure 8. The distributed driving torque of the individual wheel in the
cornering motion: (a) front left wheel (b) rear right wheel. (the front right and
rear left wheel are not shown for the simplification)

Figure 6. Vehicle lateral velocity in the cornering motion.

It is noted that from 10-30 seconds and 135-170 seconds, the
large steering angle makes the vehicle tyre work in the
non-linear tyre region and the vehicle is actually performing
the non-linear cornering motion. The applied integrated
energy-efficient controller cannot achieve the desired yaw
rate and the proposed adaptive PID controller can be applied
together with the energy-efficient controller to improve the
dynamics control performance, which is presented in the next
section.

Figure 7. The total motor output power in the cornering motion.

(a)

4.3 Simulation results of vehicle non-linear cornering
motion
In this section, the vehicle is assumed to drive in the
non-linear cornering condition and the vehicle is very unstable
because the tyre is working in the non-linear tyre region.
Thus, the vehicle handling and stability are the primary
control targets. The initial velocity is assumed as 10 m/s and
the driver’s steering input of double lane change is shown in
Figure 9. The proposed adaptive PID feedback controller is
included in the integrated energy-efficient controller in this set
of simulations to improve the control performance of the
primary control targets – yaw rate and body slip angle. It is
also noted that the traditional numerical optimisation
algorithm is applied in the first and second sets of simulations
when the driving torque distribution is simple and regular. In
this set of simulation, however, the driving torque distribution
is irregular due to the complex turning condition. Thus, the
proposed optimisation algorithm can achieve the global
minima of the optimisation cost function and achieve better
control performance. In Figures 10-12, the longitudinal
velocity, lateral velocity and yaw rate control performance
controlled by various methods and the total power
consumption of various methods are compared. ‘No feedback
controller applied’ means the proposed integrated
energy-efficient controller is applied but the adaptive PID
controller is not included; ‘feedback controller applied’ means
the proposed integrated energy-efficient controller includes
the adaptive PID controller; ‘feedback controller + improved
optimisation algorithm’ means the proposed integrated
energy-efficient controller includes the adaptive PID
controller and the proposed improved optimisation algorithm,
which can find the global minima, is also applied. Figure 10
shows that all the three methods can achieve similar control
performance of longitudinal velocity. Figures 11 and 12 prove
that the adaptive feedback PID controller can significantly
improve the yaw rate and lateral velocity (body slip angle)
control performance and guarantee the achievement of these
primary control targets. In addition, the proposed fuzzy logic
switch controller has been applied together with the PID
feedback controller and the steady transition between the pure
longitudinal motion with small steering angle and cornering
motion with large steering angle can be achieved. Figure 13
shows that the motor power consumption is increased when
the PID feedback controller is applied. This is reasonable
since the additional control effort for the handling and
stability control would consume more power. The proposed
optimisation algorithm shows better energy-efficient
performance compared with the traditional optimisation
method. This is due to that the traditional optimisation method
can only find the local minima and global minima can be
missed out in the extreme non-linear condition. The RMS
values of the longitudinal velocity control error, lateral
velocity control error, yaw rate control error and total motor
power consumption are presented in Table 2 to further verify
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no feedback controller applied

2.5

total motor power consumption (kW)

the above findings from the figures. Figure 14 also suggests
that feedback PID controller requires more driving torque to
be allocated and the distributed driving torque by the
improved optimisation algorithm can better overcome the
problem of oscillation compared with the traditional
optimisation algorithm.
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Figure 13. Total motor power consumption in the non-linear cornering
motion.
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Figure 9. Driver’s input steering angle in the non-linear cornering motion.
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Figure 10. Vehicle longitudinal velocity in the non-linear cornering motion.
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Figure 11. Vehicle lateral velocity in the non-linear cornering motion.
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Figure 14. The distributed driving torque of the individual wheel in the
non-linear cornering motion: (a) front left wheel (b) rear right wheel. (the
front right and rear left wheel are not shown for the simplification)

Vehicle moving scenarios

Pure
longitudinal
motion

Traditional dynamics
controller applied
Integrated
energy-efficient
controller applied

0.8878

Lateral
velocity
control
error
(m/s)
N/A

0.8731

N/A

N/A

3.1626

Combined
longitudinal
motion and
cornering
motion

Traditional dynamics
controller applied

1.4259

0.1800

0.0569

3.9150

Integrated
energy-efficient
controller applied

2.0366

0.1306

0.0677

3.1669

0.1
0

Longitudinal
velocity
control error
(m/s)

-0.1
-0.2
-0.3
-0.4
-0.5

14

Table 2. RMS value of the dynamics control error and motor power
consumption

0.3

vehicle yaw rate (rad/s)

20

0

2

4

6

8

10
time (s)

12

14

16

18

20

Figure 12. Vehicle yaw rate in the non-linear cornering motion.

Yaw
rate
error
(rad/s)
N/A

Motor
driving
power
loss
(kW)
4.0994

Non-linear
cornering
motion

Integrated
energy-efficient
controller applied

0.6575

0.2377

0.0524

0.5236

Integrated
energy-efficient
controller +feedback
controller
Integrated
energy-efficient
controller + feedback
controller + improved
optimization algorithm

0.5904

0.1007

0.0168

0.9187

0.6109

0.1001

0.0168

0.7762

V. CONCLUSION
This study proposes an integrated dynamics control and
energy efficiency optimisation method for linear pure
longitudinal motion, linear turning motion, and non-linear
turning motion. According to the simulation results, our
findings can be summarised as follows:
In linear pure longitudinal motion and linear cornering
motion, the simulation results suggest that the proposed
integrated energy-efficient control allocator can achieve better
trade-off between the dynamics control targets and the
energy-efficient control target compared with the traditional
dynamics control allocation method.
In the non-linear cornering motion, the proposed adaptive PID
feedback controller can achieve much better control
performance of the primary control targets: yaw rate and body
slip angle. The control allocator optimised by the proposed
improved optimisation algorithm can achieve better
energy-efficient control performance due to that the
traditional optimisation method can only find the local
minima and global minima can be missed out in the extreme
non-linear condition.
The proposed motion detection criteria are proved to
successfully determine the transition point between the linear
pure longitudinal motion and the cornering motion, and the
control strategies can be switched by a designed fuzzy logic
switch controller at this transition point.
In the future, the proposed integrated control allocation
method will be tested on a real electric vehicle with in-wheel
steering and in-wheel driving in both longitudinal motion and
lateral motion.
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